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Abstract: Inspired by the low wave-length limit of topological M-theory, which re-
constructs the theory of 3 + 1D gravity in the self-dual variables’ formulation, and by
the realization that in Loop Quantum Gravity the holonomy of a flat connection can
be non-trivial if and only if a non-trivial (space-like) line defect is localized inside the
loop, we argue that non-trivial gravitational holonomies can be put in correspondence
with space-like M-branes. This suggests the existence of a new duality, which we call H
duality, interconnecting topological M-theory with Loop Quantum Gravity. We spell some
arguments to show that fundamental S-strings are serious candidates to be considered in
order to instantiate this correspondence to classes of LQG states. In particular, we consider
the case of the holonomy flowers in LQG, and show that for this type of states the action of
the Hamiltonian constraint, from the M-theory side, corresponds to a linear combination
of appearance and disappearance of a SNS1- strings. Consequently, these processes can be
reinterpreted, respectively, as enucleations or decays into open or closed strings.
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1 Introduction
M-theory and Loop Quantum Gravity (LQG) are usually accounted as the two most promi-
nent candidates to solve the problem of non-renormalizability of quantum gravity for en-
ergies higher than the Planck scale. It is commonly retained that these theories cannot be
compatible with one another. Without any direct experimental data on the string/Planck
scale, both the theories can only follow mathematical self-consistency. Indeed, both the
frameworks are still concerned with several technical and conceptual problems, while use
known tools of quantum field theory that physicists trust by virtue of the experimental
successes of the Standard Model of particles and interactions.
Nonetheless the history of string theory, in which many different models were connected
one another by dualities, suggests that string theory and LQG might actually be unified
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Figure 1: We show the seven aspects of non-perturbative M-theory. In particular, we con-
jecture that loop quantum gravity is obtained as duality among holonomies in the Hilbert
space and systems NSN1-branes in IIB-string theory, in turned related to SM2-branes from
a double reduction. and to SD2-branes from a S-duality transformation. We dub this new
duality H-duality.
in 4 dimension and without supersymmetry. On the other hand, supersymmetric and
higher dimensional reformulation of LQG are still considered in literature, even if their
dynamics are not studied as well as old conservative LQG.
In this paper, we consider a possible correspondence principle between LQG and
M-theory. Such a conjecture is sustained by two insightful facts. First, topological
M-theory in 7-dimensional G2 manifold has a low wave-lenght description in terms of
3-form   [2] – based on seminal papers of Hitchin [3, 4]. This allows to demonstrate
that   in a G2 foliation into the four dimensional M submanifold corresponds to the
self-dual formulation of gravity [2]. This may suggest the following conjecture: the
loop quantum gravity quantization catches aspects of the non-perturbative M-branes
dynamics. In particular, the Hamiltonian formulation of loop quantum gravity may
provide a description the Space-like M-branes or SM-branes.
Second, it was noticed that holonomy can be non-trivially di↵erent from zero if
and only if a non-trivial space-like line defect localized inside the loop! This is true
for a generic holonomy [1]. This is a sort of Aharanov-Bohm e↵ect of the self-dual
2
Figure 1. We show the seven epiphenomena of non-perturbative M-theory. In particular, we con-
jecture that LQG is recovered from the duality among holonomies in t e Hilbert space of LQG and
space-like fundamental strings in IIB-string theory, related to SM2-branes by a double reduction.
We dub this new duality H-duality (written in green and located between IIB-type and LQG).
Other duality transformations hitherto discovered are also represented in red.
despite the profound differences they have. This urges posing the question: can M-theory
and LQG escribe aspects of the same theory from two different points of view? Reasons
to prefer M-theory to LQG are usually individuated in the unification of all particles and
interactions, and in the convergence — at the low energy perturbative limit — to General
Relativity (GR). On the other hand, LQG has the remarkable advantage to be background
independ nt and a fully non-pe turbative theory1. It seems herefore to be very challenging
to reconcile theories that are so much different one another: M-theory requires supersym-
metry and higher dimensions, while in LQG the Ashtekar variables were originally defined
only in 4 dimensions and without the need of supersymmetry. Nonetheless, supersymmetric
and higher dimensional reformulations of LQG have been also considered in the literature,
even if their dynamics was not deepened in detail as for the standard formulation of LQG.
Recently, a promising unification approach between string theory and LQG was pro-
posed in Refs. [4, 5], within the context of holographic AdS2/CFT and AdS3/CFT models.
In these works, the gravitational scattering matrix of a particle crossing the horizon, treated
in the optic l/ ikonal approximation, is rel t d to the Schwarzian quantum mechanical
model in the large N approximation. This is in turn related to considering 6j-symbol of
SU(1, 1). At the present stage, it is still unknown how to generalize such correspondences
1Unification models were also proposed within the framework of LQG. See e.g. [1–3].
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among string theories and LQG in higher dimensions.
In this paper, we focus on the possible correspondence principle between LQG and M-
theory. This is a conjecture sustained by two insightful facts. First, topological M-theory
on 7-dimensional G2 manifold has a low wave-length description in terms of 3-form Φ [7]
— this is a result based on seminal papers by Hitchin [8, 9]. Then, thanks to a foliation of
G2 into four dimensional M sub-manifold, one can demonstrate that Φ corresponds to the
self-dual formulation of gravity [7]. This may suggest the following conjecture: the quan-
tization procedure deployed in LQG captures aspects of the non-perturbative M-branes
dynamics. In particular, the Hamiltonian formulation of LQG may provide a description
the space-like M-branes, dubbed SM-branes. Second, it was noticed that the holonomy of
a flat connection can be non-trivially recognized to be different than unity, if and only if a
non-trivial (space-like) line defect is localized inside the loop. This is true while considering
generic holonomies [6], and it corresponds to a sort of Aharanov-Bohm effect of the self-
dual gravitational field. We are tempted to suggest that this defect can be identified with
space-like strings. These objects can be indeed understood as one dimensional S-branes,
while these latter completely break all supersymmetric generators, eventually allowing for
a non-supersymmetric space-time foam approach.
We will argue how spin-network states can be put in correspondence with SM-branes in
the Hamiltonian formulation, while spinfoam boundaries can be individuated as M-branes
in the covariant formulation. In particular, since (S)M-branes intersections and interactions
are described by Φ 3-form at the semiclassical level, their intersections/interactions can be
labelled as fundamental representations of the internal SU(2) gravitational group. Such a
formulation allows to set up a correspondence between a class of SM-branes and a class of
spinfoam boundary states. This entails introducing a new duality: the S-brane system is
dual to a holonomy state in the LQG Hilbert space. For these reasons, we refer to it as
Hilbert-duality, or also H-duality. In particular, we individuate a sub-set of holonomy trees
in correspondence with a class of non-intersecting SM-branes. These trees can be shrunk
with homotopy transformations of trees into loop holonomy flowers. Flowers can be put
in correspondence with a set space-like strings encircled by petals. In this formulation the
scalar constraint gets a new intriguing interpretation. It amounts to the quantum super-
positions of flowers in which petals have been added or removed. This can be interpreted
either as an appearance or as a disappearance of S-branes, i.e. either as a S-brane decay
or as a nucleation process. In other words, the scalar constraint can be reinterpreted as
describing the time evolution of the S-brane system. Since S-branes are unstable, the first
process can be reinterpreted as the decay into open or closed strings within the background,
while the nucleation process is expected to happen in the non-perturbative regime.
2 Topological M-theory
We start considering the formulation of topological M-theory in 7-dimensions as discussed
in Ref. [7], which stands a preliminary study in developing a unified picture of all D-
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dimensional form theories of gravity. Within this framework, the 7 -dimensional topological
M-theory generates the topological string theories, as well as the gravitational form theories
in 3 and 4 dimensions follow as reductions of the 7-dimensional form theory near associative
and coassociative cycles.
Form theories of gravity naturally lead to calibrated geometries2, a natural setting for
the definition of supersymmetric cycles where branes can be wrapped. Form theories can
be then understood in terms of counting the BPS states of wrapped branes of superstrings.
As a consequence of this picture, an attractor mechanism relating the charges of the black
hole (the homology class of the cycle they wrap on) to specific moduli of the internal theory
(determining the metric of the internal manifold) can be recovered in the superstring: this
stands as a special case of the general idea of obtaining metrics from gravity forms.
As clarified in Ref. [7], topological strings can be accounted for on Calabi-Yau 3 -folds,
i.e. topological string computations can be embedded into the superstring. Dualities of
the superstring, with a natural geometric interpretation in M-theory, can be related to
some dualities in topological theories, with a similar geometric explanation in topological
M-theory. Thus a natural definition of topological M-theory is that it should be a theory
with one extra dimension relative to the topological string, which brings to a 7 -dimensional
theory. This means that a M-theory on M × S1 is equivalent to a topological theory of
strings on M , where M is the Calabi-Yau manifold.
When the size S1 is no more constant, one is finally led to a more general 7 -dimensional
manifold. Nonetheless, the only manifolds that preserve supersymmetry and are purely
geometric are the class of G2 holonomy spaces. Furthermore, M-theory on a G2 holon-
omy manifold X provided with a U(1) action is equivalent to the Type IIA superstring.
A precise definition of topological M-theory on X has been provided in Ref. [7], as “the
theory equivalent to A model topological strings on X/U(1), with Lagrangian D-branes in-
serted where the circle fibration degenerates”. Worldsheets of the A model can end on
the Lagrangian branes, while whenever they are lifted up to the full geometry of X, they
correspond to closed 3 -cycles to be identified with membrane worldvolumes. Furthermore,
string worldsheets which wrap holomorphic cycles of the Calabi-Yau lift to membranes
wrapping associative 3 -cycles of the G2 holonomy manifold. As a consequence, the topo-
logical M-theory should be classically equivalent to a theory of G2 holonomy metrics, with
quantum corrections provided by membranes wrapping associative 3 -cycles.
In the next sections, our focus will be then on the s-branes that can be derived by the
4 -dimensional reduction of the 7 -dimensional M-theory of Ref. [7]. In the next subsection,
we will introduce G2 manifolds.
2Calibrated geometries are D-dimensional Riemannian manifolds that are equipped with a calibration
Φ, a differential p-form — for some 0 ≤ p ≤ D — which is closed, namely dΦ = 0, and reduces on a
p-dimensional subspace to a volume form, i.e. for any x ∈ M and for any oriented dimensional subspace
ξ ∈ TxM , the restriction of the calibration satisfies Φ|ξ = λvolξ, with λ ≤ 1.
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2.1 G2 manifolds
A G2 manifold is a 7 -dimensional Riemannian manifold [10–13], whose holonomy group is
contained in G2 — see e.g. Ref. [14]. This latter is an exceptional simple Lie group that can
be described as the automorphism group of the octonions. Equivalently, the G2 group can
be introduced as the proper subgroup of the special orthogonal group SO(7) that preserves
an 8 -dimensional spinor, or as the subgroup of the general linear group GL(7) that preserves
the non-degenerate 3 -form Φ. In general, a manifold is endowed with a G2-structure if each
of its tangent spaces can be identified smoothly with the imaginary octonions Im(O) ' R7.
This is reminiscent of an almost Hermitian manifold, in which each of its tangent spaces
can be identified in a smoothly varying way with Cm (together with its Euclidean inner
product). The non-degenerate 3 -form Φ is an associative form, with Hodge dual G = ?Φ
representing a parallel, coassociative, 4 -form. These two forms represent the calibrations
of the manifold [15], and also define special classes of 3 -dimensional and 4 -dimensional
submanifolds.
Notice also that:
• A manifold can admit a G2-structure, if the following conditions, which are necessary
and sufficient, are satisfied: it is orientable and spin-structured. These are equivalent
to the vanishing of its first two Stiefel-Whitney classes, and allow to recover a wide
number of 7 -manifolds of this type, analogously to what happens for Hermitian
manifolds.
• Loosely speaking, G2-manifolds are usually meant to be related to the Calabi-Yau
manifolds, namely to Ricci-flat Ka¨hler manifolds. Thus G2-manifolds play a crucial
role in compactifying 11 -dimensional M-theory, analogously to the role of Calabi-Yau
3 -folds in ten-dimensional string theory [16].
• The introduction of G2 manifolds allows a breakdown of supersymmetry down to a
smaller subgroup that only involves 1/8 of the original symmetry generators. This
also entails compactifications of M-theory on G2 manifolds to 4 -dimensional theory
with N = 1 supersymmetry, more suitable to make contact with eventual physical
observations.
In what follows, we will consider the coassociative form G — in terms of which it is
possible to reconstruct the metric — as the field strength of a gauge potential, and write
G = G0 + dΓ , (2.1)
Γ being a 3 -form under which the membrane is charged. The G2 manifold is equipped with
the 3-form Φ and the dual 4-form G = ?Φ — related to the metric, as mentioned above3.
3Within the framework of a topological M-theory on G2, topological A,B-model branes and fields can
be naturally unified. In particular, the 3-forms Φ and 4-forms G combine fields of the A,B-models on the
boundary with unit normal direction dt:
Φ = ReΩ + k ∧ dt ,
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2.2 Action and Hamiltonian reformulation
We focus now on the topological M-theory on a 7D manifold M equipped with a real three
form Φ. The action is described by [8, 9]
I =
∫
M
√
h(Φ) , (2.2)
where √
hhab = ΦacdΦbefΦghi
cdefghi .
In other words, the metric tensor can be completely rewritten in terms of a three form
field Φ. This is very much the same of what happens in LQG, where the densitized metric
is cubic in the form field. Equivalently, the action can be rewritten in terms of the dual
4-form field G instead of Φ.
One can fix the cohomology class of Φ:
Φ = Φ0 + dβ , (2.3)
where β is a two form. With such “fixing”, which individuates a class of cohomologies,
the action is invariant under gauge transformations, which are locally parameterized by a
1-form λ:
β → β′ = β + dλ . (2.4)
The Hitchin action can be recast as
I[g,Φ] =
∫
M
[
√
g − gab
√
hhab] , (2.5)
providing the same equations of motion upon variation of the g and Φ fields. We can focus
on M = Σ × R, where Σ is a 6D manifold. Fixing the time coordinate, we can define the
canonical momenta
pi =
δI
δβ˙ij
, (2.6)
where the dot is the usual derivative on R coordinates. The primary constraints are
generated by
pi0i =
δI
δβ˙
= 0 , (2.7)
while the Poisson algebra is
{βij(x), pikl(y)} = δklij δ6(x, y) . (2.8)
G = ImΩ ∧ dt+ 1
2
k ∧ k .
In other words, the A,B-models are interpreted as independent models only at perturbative levels: M-
brane naturally couples the fields of the two models. The A-model is wrapped on Lagrangian cycles, in
turn measured by 3-form, which is identified with the same holomorphic 3-form Ω in the B-model. δΩ in
the B-model is the variation of a holomorphic 3-form on a Calabi-Yau 3-fold X. Similar considerations
hold for k, which is the Kha¨ler form of the A-model while measuring the volume of holomorphic cycles
in the B-model. In particular, A,B-model fields are canonically conjugate in the Hamiltonian reduction of
topological M-theory on X ×R. The two models are connected by a S-duality.
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The Hamiltonian constraint can be written as — see e.g. Ref. [17] —
H = K− cV , (2.9)
where c is an adimensional constant, while
V = κ˜ji κ˜
i
j , (2.10)
κ˜ji = ΦiklΦmno
klmnoj , (2.11)
K = piijpiklpimnijklmn . (2.12)
Consequently, smearing against a test function N , the scalar constraint becomes
H(N) =
∫
Σ
N (piijpiklpimnijklmn − aκ˜ji κ˜ij) , (2.13)
which closes the Poisson algebra
{H(N),H(M)} =
∫
Σ
Djω
j
NM , (2.14)
where
ωjNM = 18a(N∂iM −M∂iN)piikκ˜jk , (2.15)
a being a numerical factor fixed to 1/4 by the investigation of the Hamiltonian constraint.
2.3 Gravity forms in 3 and 4 dimensions
There exist in the literature examples of gravity forms theories in lower than 7 dimensions.
These theories are believed to belong to the quantum world, as can be still connected
to topological M-theory, through dimensional reduction of topological M-theory. Below,
we discuss few relevant cases for our discussion, namely theories of gravity forms in 3
dimensions and 4 dimensions.
According to Ref. [7], within the context of topological M-theory on a G2 manifold,
a metric theory can be reconstructed from the 3-forms Φ or dually from 4-forms G = ?Φ.
This amounts to say that the metric is not a fundamental field of this theory, but it can
be reconstructed from the Φ-field.
2.4 BF theory, Chern-Simons and 3D gravity with cosmological constant
The Einstein-Hilbert action with cosmological constant, which reads
SGR =
∫
M3
√−g (E − 2Λ) , (2.16)
is a topological theory in 3 dimensions. In order to introduce local degrees of freedom within
the framework, one should indeed resort to higher order derivatives terms. This property
of Einstein gravity in 3 dimensions makes the problem of quantum gravity solvable, while
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dealing with the reformulations of the theory in terms of more explicit topological theories.
As a matter of facts, the Einstein-Hilbert action rewrites in the first-order formalism as
S =
∫
M3
Tr
(
e ∧ F + Λ
3
e ∧ e ∧ e
)
, (2.17)
with F (A) = dA+ A ∧ A the 2-form field-strength of an SU(2) gauge connection A and e
the 1-form on M valued in SU(2). The metric is related to vielbiens eia as follows
gab = −1
2
Tr(eaeb) . (2.18)
Action (2.17) can reformulated as a Chern-Simons gauge theory
S =
∫
M
Tr
(
A ∧ dA+ 2
3
A ∧A ∧A
)
, (2.19)
in which A is the gauge connections of SL(2,C) (Λ < 0) or ISO(3) (Λ = 0) or SU(2) ×
SU(2) (Λ > 0) in the Euclidean theory.
2.5 LQG in 3D
Quantum 3D gravity can be quantized developing several different discrete models. In
presence of non-vanishing cosmological constant Λ, a way is provided by the Turaev-Viro
model: given a triangulation ∆ of M , a quantum 6j-symbol can be associated to each
thetrahedron. One then obtains
TV (∆) =
(
−(q
1/2 − q−1/2)2
2k
)V ∑
je
∏
edges
[2je + 1]q
∏
tetrahedra
(6j)q , (2.20)
V being the total number of vertices in the triangulation, [2j + 1]q denoting the quantum
dimension of the spin j representation of SU(2)q defined as
[n]q =
qn/2 − q−n/2
q1/2 − q−1/2 . (2.21)
The fundamental property of (2.20) stands in its invariance from the triangulation scheme,
which actually follows because of topological invariance:
TV (M) = TV (∆) . (2.22)
2.6 4D Gravity
The action of the 4D self-dual sector of LQG reads
S =
∫
M4
Σk ∧ Fk − Λ
24
Σk ∧ Σk + ΨijΣi ∧ Σj . (2.23)
Here Ak is an SU(2) gauge field with F k = dAk+eijkAi∧Aj and Σk is a SU(2) triplet of 2-
forms fields — i, j, k = 1, 2, 3; Ψij is a scalar field on M which is a symmetric representation
of SU(2). Varying the action with respect to Ψij , we can derive
Σ(i ∧ Σj) − 1
3
δijΣk ∧ Σk = 0 . (2.24)
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Such a condition implies that Σk can be re-expressed in terms of the vierbein
Σk = −ηkabea ∧ eb , (2.25)
where ea is the vierbien 1-forms on M4, a = 1, ..., 4 and ηkab is the ’t Hooft symbol
ηkab = 
k
ab0 +
1
2
ijkijab .
More explicitly
Σ1 = e1 ∧ e2 − e3 ∧ e4 , (2.26)
Σ2 = e1 ∧ e3 − e4 ∧ e2 , (2.27)
Σ3 = e1 ∧ e4 − e2 ∧ e3 . (2.28)
As well known, the vierbein is in turn related to the metric by the relation
g =
4∑
a=1
ea ⊗ ea . (2.29)
The two-forms Σk are self-dual with respect to the metric g, i.e. Σk = ∗Σk. One can
also rewrite the metric directly in terms of Σ, finding
√
ggab = − 1
12
Σiaa1Σ
j
ba2
Σka3a4
ijka1a2a3a4 . (2.30)
2.7 Reducing Topological M-theory to Gravity
We address now local models of a complete 7-manifold X obtained as a m-dimensional
vector bundle4 on an n-dimensional cycle M , such that m + n = 7. Local gravitational
modes induce a lower-dimensional gravity on M . The equations of motion of topological
M-theory
dΦ = 0 , (2.31)
d?ΦΦ = 0 , (2.32)
lead to the equations of motion of the p-form fields on M , in turn interpreted as topological
gravity equation of motion on M .
The cases in which n = 3, m = 4 and n = 4, m = 3 can be discussed in the same
construction framework. Φ can be decomposed as a combination of vielbein components
ei.
4The relation between 7D Hitchin-like theories and the chiral formulations of 4D gravity was addressed
by Krasnov in Ref. [18]. The dimensional reduction on S3 of the topological theory with Lagrangian CdC
corresponds to a 4D BF theory on SU(2) principle bundle, with cosmological constant term related to the
radius of S3.
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The equation dΦ = 0 is equivalent to the equations of motion of 3D gravity for 3D
fiber, namely
de = −A ∧ e− e ∧A ,
dA = −A ∧A− Λe ∧ e , (2.33)
which are precisely equivalent to the equations of motion of 3D Chern-Simons gravity, i.e.
dA+A ∧A = 0 . (2.34)
The latter also fulfills d?ΦΦ = 0. The Φ-field can be rewritten as a combination of vielbein
as
Φ = Ae123 +Bei ∧ Σi , (2.35)
where
Σ1 = α12 − α34, · · · (2.36)
and αi are 1-forms in the fiber direction
αi = DAy
i = dyi + (Ay)i . (2.37)
Now let us consider the reduction to the 4D gravity. In this case, we can decompose
Φ as
Φ = α123 + α1 ∧ Σ1 + α2 ∧ Σ2 + α3 ∧ Σ3 . (2.38)
2.8 Quantization of the topological M-theory.
In Ref. [17] Smolin suggested a quantization scheme, defining the holonomy of the 1-form
β and its conjugate variables, respectively, as
H[S] = e
∫
S β (2.39)
and the momentum flux operators
Π[A] =
∫
A
pi∗ . (2.40)
The Poisson brackets can be then recovered as
{H[S],Π[A]} = I[S,A]H[S] , (2.41)
where I[S,A] is the intersection number of the surfaces S,A.
This allows to define networks Γ on the two surfaces, with their relative Hilbert states
such that
〈Γ|Ψ〉 = Ψ(Γ) . (2.42)
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2.9 Dimensional reduction
We consider now the semiclassical limit of the topological M-theory. The 11 dimensional
supergravity action ∫
M
da ∧ da ∧ a (2.43)
can be obtained. This action corresponds to a higher-dimensional Chern-Simons theory
[19]. We can define a canonical momentum for a, for which Π∗ = a ∧ da. Equation (2.43)
is derived consistently taking the connection, the frame field and gravitinos to zero. This
allows to consider only the action of the 3-form.
Moving then from the 11-dimensional action in (2.43), we can consider the dimensional
reduction
M11 = R× Σ6 × S1 ×R3 .
This amounts to a dimensional reduction of the momenta specified by
pi∗ =
∫
R3
Π∗ , (2.44)
{βij(x), pi∗klmn(y)} =
∫
S1
dθ
∫
d3xαβγ{aθij ,Π∗klmnαβγ} = ijklmnδ6(x, y) . (2.45)
The canonical degrees of freedom of topological M theory are obtained from the dimensional
reduction of 11-D supergravity.
3 Aharonov-Bohm effect in LQG
In this section, we will discuss a reformulation, suggested in Ref.[6], of states and scalar
products of LQG in terms of non-trivial holonomies enclosing defects. One can start from a
3-manifold Σ with a network of defect-lines. To a locally-flat connection on the 3-manifold
one can associate a non-trivial holonomy, as in the electromagnetic Aharanov-Bohm effect.
Quantizing the theory, Bianchi obtained a scalar product that is the same used in LQG.
We consider a flat connection in Σ′ = Σ − l, where l is a defect line, and then the
holonomy encircling this line. The induced metric on Σ is qab(x), which allows to choose
the Coulomb-gauge as χ = qab∂aAb. The line is fixed along the z-axes in the Euclidean
metric. Considering the gauge fixing condition
χi = ∂aAia = 0 , (3.1)
Aia reads
Aia =
f i
2pi
αa(x) , (3.2)
where fi stands for the flux of the magnetic field through the defect line, and
αa(x) =
(
− y
x2 + y2
,
x
x2 + y2
, 0
)
. (3.3)
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The associated holonomy along the loop γ is
hγ [A] = exp
[
i
(∫
γ
αadx
a
)
f i
2pi
τi
]
, (3.4)
while the related non-abelian magnetic field reads
Bai ≡
1
2
abcF ibc =
∫
l
dsfix˙
a(s)δ(3)(x− x(s)) . (3.5)
The flux of the magnetic field through the surface S punctured by the curve γ reads
Fi[B,S] =
∫
S
Bai (X(σ))abc
∂Xb
∂σ1
∂Xc
∂σ2
dσ1dσ2 (3.6)
=
∫
l
ds
∫
S
dσ1dσ2fiabcx˙
a(s)
∂Xb
∂σ1
∂Xc
∂σ2
δ(3)(X(σ)− x(s)) ,
which is just equal to fi. This is analogous to the problem of a cylindrical solenoid in
electromagnetism.
The related moduli space is
{f i ∈ S3}/SU(2) = {φ ∈ [0, 2pi]} , (3.7)
where Ψi depends only on the moduli φ, while is invariant under global SU(2) rotations.
In this framework, the scalar product of states depending by the moduli space can
be put in correspondence with the LQG scalar product of holonomy states in the Hilbert
space K′. We then find
〈g|g′〉 =
∫
Af/G
D[A]Ψ¯g[A]Ψg′ [A] =
∫
N
∏
r
dmr J(mr)∆FP (mr)g¯(mr) g
′(mr) , (3.8)
where {mr} denotes the moduli space, J stands for the Jacobian and ∆FP the Faddeev-
Popov determinant. In order to prove this equivalence, we perform explicitly the compu-
tation for the case of one line defect. The Jacobian in spherical coordinates reads
J(φ) = φ2 , (3.9)
which is associated to
d2Φ = φ2dφd2vi . (3.10)
The Faddeev-Popov term ∆FP is given by the determinant of the operator K, which
is the derivative of the gauge fixing condition χi = 0 with respect to the gauge parameter,
namely
K = −δij∆− ijkΦ
k
2pi
αa∂a . (3.11)
Its eigenvalues are
λn = n
2 + n
φ
2pi
, (3.12)
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where n = ±1,±2, . . . (twice degenerate). The (regularized) Faddeev-Popov determinant
can be then cast as
∆FP (φ) = c
DetK(Φi)
DetK(0)
= c
∏∞
n=1(λn(φ))
2(λ−n(φ))2
(λn(0))2(λ−n(0))2
(3.13)
= c
∞∏
n=1
(
1−
(
φ
2pi
)2)2
= c
(
sinφ/2
φ/2
)2
,
where the constant c is fixed by imposing normalization to 1. Using these expressions we
obtain
〈g|g′〉 = 1
pi
∫ 2pi
0
sin2(φ/2) g¯ g′ . (3.14)
This can be compared to the scalar product of LQG. A natural choice in LQG is the Haar
measure on the links of the graphs, which reads
〈η|ζ〉 =
∫
Al/G
D[A]Ψ¯Γ,η[A]Ψ¯Γ′,ζ [A] (3.15)
=
∫
SU(2)L
L∏
l=1
dµH(hl)η¯(h1, ..., hL)ζ(h1, ..., hL) ,
in terms of the class of graphs Γ′ dual to the cellular decomposition. Using the Peter-Weyl
theorem with such choice of the scalar product, the spin-network states, with graph Γ′,
provide an orthonormal basis of the Hilbert space K′. The spin-network basis provide
cylindrical functions η(h1, ..., hL), the holonomies of which are labeled by SU(2) represen-
tations. To every node of the spin-network states are assigned intertwiners that realize
an invariant map onto the tensor product of the representations. In particular, we can
recognize that
ηj1jn(h1, ..., hL) =
(⊗
n
vin
)(⊗
γl
D(jl)(hL)
)
, (3.16)
where n ∈ Γ′, γl ∈ Γ′, in such a way to have orthonormality of the spin-network states
〈ηj1in |ηj′li′n〉 = (
∏
l
δjlj′l)(
∏
n
δinin′ ) . (3.17)
The states
Ψγ,η[A] = η(hγ [A]) (3.18)
are associated by a complex-values function η on SU(2), and by the homotopy class [γ] of
loops closing one time the defect l. The scalar product can be cast in terms of the Haar
measure on SU(2). In particular, if we define f(φ) = η(eiφτ3), we obtain 〈η|ζ〉 = 〈g|g′〉.
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Figure 2. The presence of the space-like fundamental string is associated to a non-trivial holonomy
of self-dual variables.
3.1 Generalization of the argument
One can generalize the example of one line defect into the case of a network S of curves in
Σ [6]. Let us define a locally-flat connection A(x). The holonomies of these connections
are not trivial, since they encircle the net of defects. Let us consider the space of locally
flat connections, modulo the gauge transformations, which we call Af/G. Now, the config-
uration in such a space corresponds to a homomorphism from pi1(Σ− S) into G, cosetting
gauge transformations. This defines the moduli space {mr} contained in
{mr} ≡ N ≡ Hom{pi1(Σ− S, G)/G} . (3.19)
In this generalized set-up, the states can be put in correspondence with functions of
the moduli,
ΨΓ,η[A
mr,g] = f(m1, ...,mr) , (3.20)
where
ΨΓ,η[A] = η(hγ1 [A], ..., hγL(A)) (3.21)
and η is a complex function valued in SU(2), i.e.
η : SU(2)L → C . (3.22)
The scalar products of LQG and the moduli functions are in correspondence by means of
〈f |g〉 =
∫
Af/G
D[A]Ψ¯f [A]Ψg[A] =
∫
N
dµ(mr)f¯(m1, ...,mR)g(m1, ...,mR) . (3.23)
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4 SM-branes and S-branes
Space-like branes, or S-branes, are very similar to ordinary branes, but completely localized
in space-like coordinates, i.e. they have not time-like coordinates, which implies that they
are unstable. Sp-branes must be contained in string theory, appearing in correspondence
of a tachyonic kink field localized along the time-direction with a tachyonic potential inter-
polating two minima of two unstable (p+1)-brane — among the many references on this
subject, see e.g. Refs. [20–27].
The existence of S-branes is believed to play an important rule within the context of
dS/CFT correspondence [26]. Strominger has also conjectured that in the Large N limit of
the number of S-branes, they may be holographically dual to interesting closed string gas
cosmologies [23].
As for the ordinary instantonic branes, there is a huge zoology of possible S-branes.
Very similarly to M-branes — they are M2-branes and M5-branes — M-theory predicts
SM2 and SM5-branes. From SM2 and SM5-branes, we can construct several different
branes in string theories from direct compactification, double compactifications and duality
transformations.
From SM2-branes and SM5-branes SD2, SNS5, SNS1 and SD4 are obtained by direct
or double dimensional reduction [27]. On the other hand, a SDp-brane in IIA superstring
is related to a NS-brane and fundamental strings in IIA superstring, by using S-duality.
Moreover, systems of multicharged S-branes and bound states can be constructed as in
the case of D-branes — for example like D1/D5 in AdS/CFT. In particular, possible bound
state systems are: i) SDp/SD(p− 2)-brane solution with p ≥ 2 (like SD2/SD0-brane); ii)
SDp/SD(p− 4)-brane solutions with p ≥ 4 (like SD4/SD0); iii) SDp/SD(p− 6)-branes,
the only natural one (like SD6/SD0-brane).
4.1 S-branes instabilities and particle productions
Sen argued that in the worldsheet boundary, sinhX0 — X0 being the time-like coordinate
— gives an exact conformally invariant boundary sinh-Gordon field theory [20, 21]. This
happens in the limit of gs → 0, where quantum effects of closed strings are suppressed.
Away from gs = 0, one could expect that S-branes decay into closed strings. Strominger
and Gutperle have studied the case of eX0 , which corresponds to a boundary Liouville
theory with negative norm boson [22, 23]. This may be formally obtained from the Sen
model by taking the location a of the brane in the past infinity, and rescaling the interaction
strength. In this limit, the energy of the s-brane is converted into a pressureless tachyonic
dust, confined among D-branes.
The equation of motion is a Klein-Gordon equation with a time-dependent mass. For
slowly varying m, the solution is like
e±iE(t)t, E2 = m2 + p2 . (4.1)
Now, in the solutions of the Klein-Gordon equation, the incoming modes
t→ −∞, φINp ∼ e−iωt+p·x (4.2)
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have both negative and positive frequency parts in the far future, i.e. particles are pro-
duced. In particular, as a limit of the Klein-Gordon solutions to the equations of motion
— proportional to a combination of Henkel functions — one finds
φOUTp → e−t/2−ie
t+ip·x , (4.3)
while the energy is going as
E(t) = |φ˙OUT |2 ∼ et ∼ m(t) . (4.4)
This leads to the Hogedorn divergence. The energy from the decaying brane reads∫
NωdEω ,
being calculated over all the open string modes with energy ω and density of states Nω.
The differential energy dEω stands for the expectation value of the outgoing energy in open
string modes. Since E(t) ∼ m(t), one tries a divergence — the Hagedorn divergence — in
the integral. In fact, the differential energy reads
dEω =
dpp
(2pi)p
e2piX
0THa
(eω/THa−1)
, (4.5)
where THa is the Hagedorn temperature,
THa =
1
4pi
√
α′
. (4.6)
At large values of ω, the number density can be approximated as
Nω ∼ ω−aeω/TH , (4.7)
a being the number of non-compact directions transverse to the brane, and
dEω ∼ ωp−1e−ω/THe2piX0THdω . (4.8)
In other words, open strings receive an infinite energy from high-energy modes — the brane
produces open-strings at the Hagedorn temperature.
The same conclusions can be reached from the worldsheet side, in the minisuperspace
approximation, i.e. the quantization of the open strings in the minisuperspace approxima-
tion for the zero mode X0. This approximation is very much similar to the ordinary bulk
Liouville theory [30, 31]. The (bosonic part of the) wolrdsheet action of an open strings on
an unstable D-brane reads
− 1
4piα′
∫
dτdσ
√−γγab∂aXµ∂bXµ − 1
8pi
∫
dτ
√−hT (X) , (4.9)
where T is the background tachyonic field — for superstrings T → T 2, and the stability
can be ensured.
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In a minisuperspace approximation, the zero mode is treated as independent from
higher oscillatory modes. In Refs. [22, 23], the case considered is an exponential tachyonic
profile, namely
T (X) ≡ T (X0) = eX0/
√
α′ . (4.10)
For X0 → −∞, the tachyon is at the top of its potential. The closed string vacuum is
reached in the far future, at which open strings become infinitely massive and a continuos
spectrum is reached. Open string masses are in the exponential form
m2(X0) = m20 +
1
4piα′
eX
0/
√
α′ . (4.11)
4.2 S-branes and generation of fundamental strings
The SD-brane action is a Dirac-Born-Infeld action for Euclidean world-volumes. As men-
tioned above, this action is related to the presence of a time-like tachyonic condensate.
The time-like tachyonic action reads
S = −
∫
dp+2xV (T )
√
1 + (∂µT )2 . (4.12)
This action is provided with BIonic-type solutions that are associated to the appearance
of a fundamental string [24]. In particular, the SD-brane action reads√
det(δµˆνˆ − ∂µˆX0∂νˆX0 + ∂µˆAp+1∂νˆAp+1) , (4.13)
which has a Sp-brane spike solution reading
X0 = Ap+1 =
Cp
rp−2
, (4.14)
where r2 =
√
x21 + ...+ x
2
p is the radial coordinate along the Euclidean worldvolume.
The S-brane action can be rewritten as
S = S0
∫
dx0dpx
√
−1 + E2p+1 + r˙2 , (4.15)
which is associated to a Hamiltonian density
H =
S0√−1 + E2 + r˙2 . (4.16)
Imposing the quantization condition on the conjugate momenta∫
dp−1xPE = n , (4.17)
where
PE =
S0E√−1 + E2 + r˙2 , (4.18)
the Hamiltonian H = PE/E becomes∫
dxpH =
n
2piα′
∫
dxp+1 , (4.19)
which corresponds to the Hamiltonian of n static fundamental strings with fundamental
string tension T ∼ α′−1.
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4.3 S-branes long-range interactions
At the perturbative level, Sp-branes generate a long-distance potential of closed strings,
which amounts to the emission of gravitons and dilatons. The boundary state — consid-
ering the bosonic strings sector — of the Sp-brane has a spatial component that reads
|B〉X =
Tp+1
2
δ8−p(x) exp
(
−
∞∑
n=1
Sija
i
−na˜
i
−n
)
, (4.20)
where Tp+1 is the SD(p+ 1)-brane sector and
Sij = (δAB,−δab) , (4.21)
with A,B and a, b corresponding to Neumann and Dirichlet directions respectively.
The total source state for gravitons/dilatons undergoes the expansion
|B〉 = Tp+1
2
δ8−p(x⊥)
[
−f1(X0)Sijai−1a˜j−1 + f2(X0)Sija0−1a˜0−1
]
|0〉+ . . . , (4.22)
with
f1(X
0) =
1
1 + eX0 sinpiλ
+
1
1 + e−X0 sinpiλ
− 1 , (4.23)
and
f2(X
0) = 1 + cos 2piλ− f(X0) , (4.24)
having taken the time component expansion as
|B〉X0 = f1(X0)|0〉+ a0−1a˜0−1f2(X0)|0〉+ . . . (4.25)
and resorted to the expansion in (4.20).
The massless part of the closed string reads
|C〉 = T+1Vp+1
2
∫
dt∆(X; 0, t)[f2(t)a
0
−1a˜
0
−1 − Sijf1(t)ai−1a˜j−1]|0〉+ ... , (4.26)
where Vp+1 is the spatial volume of the s-brane. The closed strings creation operator
product expansion for
Jµν(k) = 〈0; k|aµ1 a˜ν1 |C〉 (4.27)
reads
J00(x) = −Tp+1Vp+1
2
1
4pir
[
1
1 + et−r sinpiλ
+
1
1 + e−t−r sinpiλ
− 2− cospiλ
]
, (4.28)
Jij(x) = −Tp+1Vp+1
2
Sij
4pir
[
1
1 + et−r sinpiλ
+
1
1 + e−t−r sinpiλ
− 1
]
. (4.29)
In the large radius r expansion, equations (4.28) and (4.29) behave as
Jij → −Cp Sij
r8−p
, (4.30)
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J00 → Cp cos 2piλ
r8−p
, (4.31)
Cp =
Tp+1Vp+1
4
pi
p−8
2 Γ
(
8− p
2
)
. (4.32)
The dilatons’ and gravitons’ emissions correspond to “annulus diagrams”, i.e. to the
emission of closed strings from the (S)Dp-brane. Through the annulus diagrams, (S)Dp-
branes can interact through the exchange of a closed string. This process can be calculated
as a tree-level diagram in perturbation theory, in the low energy limit. However, the
interaction in non-perturbative regime is generically impossible to be calculated, since it
requests the knowledge of all the orders of perturbation theory.
5 Correspondence between SM-brane foam and spinfoam
The line defect introduced in Sec. 3 can be interpreted as a soliton charged in the self-dual
gravitational gauge group — see Fig.1 . Since the scalar constraint was not yet solved in
full generality, we consider space-like solitons not propagating in the time direction. They
can be either space-like strings or holonomies around a circular solenoid that take a circular
path orthogonal to it.
Our conjecture is that the line defects correspond to compactified SM-branes into
space-like fundamental strings, i.e. space-like NS1-branes 5. Fundamental S-strings are
serious candidates to be considered in order to instantiate this correspondence. These
are charged indeed with respect to the Φ-field and consequently with respect to self-dual
gravitational potential Aiµ, which contains the self-dual gravitational algebra structure —
see e.g. Sect. 2.6 . In particular, taking an holonomy hγ [A
i
µ] encircling the fundamental
S-strings, the magnetic flux on a surface S punctured by the curve γ is non-zero because
essentially it surrounds a localized magnetic field from G = ?Φ.
There is a possible issue for this correspondence’s framework: different S-branes net-
works can correspond to the same spin-networks and viceversa. In other words, the corre-
spondence can be established from classes of S-branes networks to classes of LQG states.
Nonetheless, the classes’ correspondence is enough to guarantee that every possible S-branes
systems have a proper state in the LQG Hilbert space.
5.1 S-branes, coarse graining and flowers
An interesting class of S-strings systems corresponds to holonomy flowers. Flowers are
obtained from shrinking homotopy trees — every possible paths without loops in the spin-
network [32–34]. Each flower represents a class of S-strings — S-strings encircled inside
the petals.
In particular, flowers correspond to a single vertex together with N-number of loops
attached to it. The spin-network states supported on these graphs is associated to an
5In standard Dp-brane notation, it should be more correct to call it SNS0-branes. Here, we use the
convention Space-like NSp-brane in order to describe branes with p instead of p+ 1 space-like directions.
– 19 –
Figure 3. The scalar constraint applied to a flower diagram: the result is a quantum super-
position of flowers with a removed and an added petal. This amounts to creating or annihilating a
space-like fundamental strings.
intertwiner I with the tensor product
N⊗
l=1
(Vkl ⊗ V¯kl) , (5.1)
where each loop is labelled by a spin kl, with l = 1, .., N .
Associated states are gauge-invariant combinations of N group elements, i.e.
Ψ(h1, ..., hN ) = Ψ(gh1g
−1, ..., ghNg−1) . (5.2)
The resulting Hilbert space, equipped with the Haar measure on SU(2), is
HN = L
2
(
SU(2)N/AdSU(2)
)
, (5.3)
with the basis
Ψ{kl,I}({k}l=1,..,N ) = 〈hl|kl, I〉 = Tr
[
I⊗
N⊗
l=1
Dkl(hl)
]
, (5.4)
having taken the trace over the tensor product (5.1).
Flowers diagrams turned out to be particularly useful in the LQG coarse-graining
procedure. Within the context of the S-branes reinterpretation of the spinfoam, coarse-
graining is motivated in the limit in which UV degrees of freedom of M-theory are not fully
excited and they can be integrated out — this is very reminiscent of the renormalization
group approach in condensed matter and quantum field theory.
The coarse-graining approach seems also to suggest how to treat higher dimensional
branes with respect to fundamental space-like strings. Higher dimensional branes are heav-
ier and can be thought as integrated out. The same procedure can be proposed, in many
other cases, for higher dimensional branes in correspondence of nodes. Taking into ac-
count also these heavier degrees of freedom would complicate very much the dynamics of
the system. Thus we suggest to use such approximation, dubbing it light S-branes coarse
graining.
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5.2 Interpretation of the Scalar constrains
From the perspective of LQG, the action of the scalar constraint operator on flowers’ states
corresponds to writing a superposition of states in which a petal is either removed or added.
The action of the Hamiltonian operator on the state can be cast as
H|S〉 =
∑
n∈S
Nn
∑
l,l′,l′′,r
∑
′,′′=±
Hn,l′,l′′,′,′′Dn,l′,l′′,r,′,′′ |S〉 . (5.5)
As renown, Hn,l′,l′′,′,′′ acts on the space of n-valent intertwiners at the node, and generate
or destroy a loop of the flower. This has a nice physical reinterpretation from the M-theory
perspective. The disappearance of a petal corresponds to the disappearance of a SNS1-
string, i.e. it can be reinterpreted as a decay process into open or closed strings. This kind
of processes is very much expected also from considerations summarized in Sec. 4, from
the perturbative string theory approach.
On the other hand, the process of creation of a fundamental S-string corresponds to
the nucleation of S-strings from other branes. The nucleation rate can be estimated in the
semiclassical approach to be
Γ
Volume
∼ exp
(
−EB
T
)
, (5.6)
where EB stands for the surface of the baby strings, which scales with the length as EB =
TSl, T being the energy scale of the baby string. On the other hand, within the context
of our conjecture, the scalar constraint must describe creations and annihilations of SNS1-
branes in non-perturbative regime beyond the semiclassical or perturbative string theory
approximation.
6 Conclusions and outlooks
We conjectured the existence of a H-duality, which may unify topological M-theory and
Loop Quantum Gravity, argueing that non-trivial gravitational holonomies can be put in
correspondence with space-like M-branes. We grounded our proposal on the low wave-
length limit of topological M-theory, showing how this latter re-constructs the theory of
3+1D gravity in the self-dual variables’ formulation.
In our considerations, we have mainly discussed the H-duality between space-like NS1
foam and spinfoam, focusing more on the consequences of canonical quantization’s tech-
niques. Nonetheless it is still rather unclear whether our arguments can be more generically
extended to ordinary M-branes, D-branes and NS-branes. In principle, it sounds reason-
able to extend the duality and account for covariant quantization techniques.
A crucial problem is to understand how S-branes and D-branes fit in this picture. From
the perturbative string theory point of view, S-branes and D-brane undergo a long-range
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interaction, exchanging closed strings. In the non-perturbative regime, this should corre-
spond to an exchange of dilatons, gravitons and B-forms’s excitations, entailing an infinite
number of loops corrections. Furthermore, we should take into account also processes of
brane instabilities, back-reacting on the system. We conjecture that these interactions are
already encoded in the full non-perturbative regime realized on the LQG side. Nonetheless,
we are urged to consider also extra graphs with respect to the flowers we focused on in
this work. These and other features deserve a much deeper analysis, which we leave to
forthcoming works.
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